Let R n be real w-dimensional Euclidean space. We call a domain DC.R n a regular cone if it is nonempty, open, convex, and such that iîyED&ndy9*0then\y&Diora\l\>0but--y$:D.
LetC n = R n ®iR n be the complexification of R n . In C n we define the wedge domain corresponding to D by
W D = {z => x + iy\ x Q R n , y & D).
The distinguished boundary of WD is the set {z = x+iy \ xÇzR n , y = 0}, i.e., just R n . In this paper we consider the following problem. Let ƒ be a real function on R n satisfying certain regularity conditions. What are the conditions for the existence of a holomorphic function F on WD such that ƒ is the limit of Re -Fas the variable approaches the distinguished boundary?
An answer to this question was given by Hans Lewy in [2] for the case where D is the positive quadrant in R 2 , i.e., where WD is equal to the product of two half planes. We are going to generalize Lewy's result in two directions: We shall consider the case of an arbitrary wedge domain, and we shall considerably relax the regularity conditions put on ƒ and F in [2] , This additional generality is made possible by our method of proof, which consists in a systematic use of Fourier transform theory.
We shall prove two theorems. Theorem 1 is the simplest formulation that can be proved by our method. Theorem 2 is of a more general nature (although it does not seem to imply Theorem 1). The basic idea of its proof is, however, the same, despite the technical complications involved by the Fourier transform theory of distributions.
We One could easily prove the same result using linear submanifolds of R n of some fixed dimension k (l^kt^n -l) instead of hyperplanes. In particular, the condition might involve the integral of the restriction of ƒ to straight lines. This remark applies also to the next theorem. For the sake of simplicity, however, we do not prove it in this general form; we are going to formulate it for the case of straight lines.
To state the second theorem we need some definitions. n . By 3 we shall denote the class of holomorphic functions F on WD such that for any €>0, yÇîD, / 0 >0 there exists a polynomial P such that \er*'F(x+ity)\ £P(x) for all t>t 0 and all #££".
For y&D we denote by F y the function defined on R n by F y (x) = F(x+iy). If FG<8, then for all yED, F y £(S'). (Here and in the following we make free use of the notations and terminology of Schwartz [3] .) If ƒ£( §') and lim^o F y =f in ($'), we say that ƒ is the boundary distribution of F; if ƒ can be identified with a function, we call it the boundary function of F. We note here the fact that every f£U is contained in ( §')• for all continuous <£ with compact support in R n . We have w^£(0c), so the convolution ƒ * m" exists and is in (S') for all a£i? n . We prove that liniM-ooZ * m^=C a in ( §')> uniformly for almost all a in any compact set AC^.
For this we have to show that for any bounded set 5C( §), 
as can be seen at once by splitting the integral over R n as /« w =/K Using some fundamental properties of the Fourier transform in (S') it follows that ƒ G ( §0. «*?G(Oj#) and (2) lim ihaf = C a ô m -+00
in the ( §0 -sense uniformly for almost all aGA. (We have denoted by ƒ, fha the Fourier transforms of/, m^.) It is also easy to compute ih% explicitly; it turns out that ifo%(x) =jDjif((a, #)), where DM is the classical Dirichlet kernel. Next we show that the support of ƒ is contained in D*\J -D*. Let [/ be a sphere in the complement of D*\J -D*. We can find a compact set AQD such that for any #G Z7 there exists a G int (A) satisfying (a, x) = 0. Let w be a C°°-function whose support is A, and such that w(a) >0 for all c*Gint(A).
In the space (3)0 we have limM+*> ih%(x) = ô((a 9 x)). Therefore the limit
*&« (x)w(a)da
A exists, and £(x)>0 for all xÇEU. By elementary properties of the Dirichlet kernel it is also easy to see that pÇzC™, and that the righthand side and all its derivatives converge to p and its corresponding derivatives uniformly for xÇzU. Now let <t> be any element of (S) with support contained in U. Defining the measure JU on R n by dfx(a) -w(a)da, we have, by the above remarks, From (3), (4), (5) we have ƒ(£#) =0. Since 0 is arbitrary, and £(x) >0 on Z7, it follows that ƒ = 0 on U. Since Z7 was arbitrary we have proved that the support of ƒ is contained in D*U -Z5*. We can write/=<£i+$2, where </>i, $2 are in (S') and have their support contained in D* and -D*, respectively. Let </> be the distribution defined by #(0 =0i(O -fai -t) (where we use the function notation as an abbreviation, to be interpreted in the obvious way), and for all yE.D let F y be the Fourier transform of e~^' y ><l>{t). By a result of J. Lions [4, Corollary to Proposition 8], it follows that the function F defined on WD by F(z) = F(x+iy) = F v (x) is in the class 3, and using the fact that the Fourier transform is a continuous map in (S') it follows easily that lim VH . 0 Re F y =f.
To prove the converse statement, let F££ and let /£U be the boundary function of Re F=%(F+T?). By the result of Lions quoted above it follows that for all yÇzD, F y is the Fourier transform of e-<'^><£, where <££(£>')> and the support of <£ is contained in Z>* KJ -D*. Since ƒ is the boundary function of Re T 7 , it follows, using the continuity of Fourier transforms, that <££( §') and <£=ƒ. Now ƒ also has its support contained in 25*U -35*.
For almost all aÇzD, lim^oo m" * ƒ exists by hypothesis. Therefore liniM-oo rtiaj also exists in (S'). The support of this limit, as can be easily seen, is the origin; therefore it is equal to a linear combination of derivatives of 5. By Fourier transformation it follows that liniM-oo ma * ƒ is a polynomial; by property (iii) of the class U it is also bounded, therefore it must be equal to a constant C«. This finishes the proof of the theorem.
